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Abstract 

In terms of the sl2 loop algebra and the algebraic Bethe-ansatz method, we derive the 
invariant subspace associated with a given Ising-like spectrum consisting of 2^ eigenvalues of 
the diagonal-to-diagonal transfer matrix of the superintegrable chiral Potts (SCP) model with 
[ arbitrary inhomogeneous parameters. We show that every regular Bethe eigenstate of the T2- 

model leads to an Ising-like spectrum and is an eigenvector of the SCP transfer matrix which 
is given by the product of two diagonal-to-diagonal transfer matrices with a constraint on the 
spectral parameters. We also show in a sector that the r2-model commutes with the sh loop 
» ^ ■ algebra, L(s[2), and every regular Bethe state of the T2-model is of highest weight. Thus, from 

' physical assumptions such as the completeness of the Bethe ansatz, it follows in the sector 

that every regular Bethe state of the r2-model generates an L(s[2)-degenerate eigenspace and 
it gives the invariant subspace, i.e. the direct sum of the eigenspaces associated with the 
Ising-like spectrum. 

1 Introduction 

The chiral Potts model [3, 4, 12, 31, 42], which is an A^-state generalization of the two-dimensional 
Ising model, has been extensively studied from various points of view in recent years. The model 
is solvable in the sense that its Boltzmann weights satisfy the star-triangle relation to give a 
commutative family of transfer matrices [12]. In fact, the free energy, interfacial tension and order 
parameters of the model are exactly calculated in the thermodynamic limit [2, 8-10]. 
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In the superintegrable case of the chiral Potts model, all the eigenvalues of the transfer matrix 
are grouped into sets of 2'' eigenvalues similar to those of free fermions. We call it the superinte- 
grable chiral Potts (SCP) model and the set of eigenvalues an Ising-like spectrum [1, 2, 6-8, 41] . The 
Onsagcr algebra is powerful to derive the spectrum of the two-dimensional Ising model [18, 38, 39], 
in which a set of 2'' eigenvalues corresponds to a 2''-dimcnsional irreducible representation of the 
algebra. The approach is extended to the Z^r-symmetric quantiim system corresponding to the 
SCP model [17, 18, 42]. However, in contrast to the Ising-case, the approach does not work enough 
to derive an exact form of the spectrum for AT ^ 3. A derivation of the exact form is established by 
the approach [1,6-8,41] using functional relations among diagonal-to-diagonal transfer matrices 
of the SCP model [11]. There, the Ising-like spectrum is described by a polynomial, which we call 
the SCP polynomial. However, it is still nontrivial to define the SCP polynomial by an algebraic 
method. 

In this paper, we present a method for constructing basis vectors of the direct sum of the 
eigenspaces associated with a given Ising-like spectrum of the transfer matrix of the SCP model 
in some sector. In short, we construct the invariant subspace of the Ising-like spectrum. First, 
by the algebraic Bethe-ansatz method, we show that every regular Bethe state of the T2-model is 
an eigenvector of the SCP transfer matrix. Here it is defined by the product of two diagonal-to- 
diagonal transfer matrices of the SCP model with a constraint on the spectral parameters. We shall 
define it in detail in Section 2.1. The r2-model is the integrable A''-state spin chain corresponding 
to a nilpotent case of the cyclic i-operator [34, 35]; the transfer matrix constructed from the cyclic 
L-operators commutes with the transfer matrix of the chiral Potts model [13]. Secondly, we show 
in a sector that the T2-model has the symmetry of the 5(2 loop algebra, L{sl2), and also in the 
sector that every regular Bethe state of the T2-model is a highest weight vector of the symmetry. 
Thus, the degenerate eigenspaces are generated by regular Bethe eigenstates [25,37] in the sector 
through the symmetry. Here we shall define regular Bethe states in Section 2.2. Thirdly, with 
some physical assumptions such as the completeness of the Bethe ansatz, we show that for the 
diagonal-to-diagonal transfer matrix of the SCP model the invariant subspace of the Ising-like 
spectrum associated with a regular Bethe state is given by the L(5[2)-degenerate eigenspace of the 
r2-model generated by the same regular Bethe state. 

We apply a generalization of the algebraic Bethe ansatz to the SCP transfer matrix with 
arbitrary inhomogeneous parameters, and do not use the functional relations among the transfer 
matrices [11]. The algebraic approach treats the SCP model and the r2-model in a unified way, 
which might be useful for calculating correlation functions for the model. 

We reproduce the SCP polynomial as a kind of Drinfeld polynomial which characterizes the 
finite-dimensional highest weight representation of L{sl2) generated by the regular Bethe state. 
Here it is not necessarily irreducible [24] . For generic values of inhomogeneous parameters, how- 
ever, the zeros of the polynomial should be distinct, and hence the highest weight representation 
should be irreducible. Thus, the SCP polynomial should be identified with the Drinfeld polyno- 
mial [15,23,24,27]. 

The algebraic derivation of the invariant subspace associated with the Ising-like spectrum 
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proves in the sector a previous conjecture that for the Zjv-symmetric Hamiltonian the represen- 
tation space of the Onsager algebra associated with an SCP polynomial should correspond to the 
I/(s[2)-degenerate eigenspace of the T2-niodel associated with the Drinfeld polynomial [37]. 

For the T2-modcl wc shall show a Borel subalgcbra symmetry of L{sl2) through a gauge trans- 
formation on the L-opcrators. In fact, it is known that every finitc-dimcnsional irreducible rep- 
resentation of the Borel subalgcbra is extended to that of the SI2 loop algebra [14,22]. We shall 
thus derive the -^(sb) symmetry of the T2-model in the general A''-state case with inhomogeneous 
parameters in the paper. Previously, the symmetry has been shown for the odd N and homoge- 
neous case [37]. The present result also proves the L{sl2) symmetry of the r2-model for the even 
A'' and homogeneous case. It thus proves the conjecture [5] that the proposed set of commuting 
operators forms the L{sl2) symmetry of the r2-modcl. The L{sl2) symmetry of the r2-model is 
closely related to that of the spin- 1/2 XXZ spin chain at roots of unity [21, 24-26]. 

The article consists of the following: in Section 2, we introduce the SCP model and the T2- 
model. We review the algebraic Bethe-ansatz method for the T2-model [41] and the Yang-Baxter 
relation between the monodromy matrices of the two models [13]. In Section 3, generalizing the 
algebraic Bethe ansatz, we show that every regular Bethe eigenstate of the r2-model is an eigen- 
vector of the SCP transfer matrix with a constraint on the spectral parameters. The expression 
of eigenvalues of the product of two diagonal-to-diagonal transfer matrices suggests the Ising-like 
spectrum to each of the two transfer matrices. In Section 4, we show in a sector the Borel sub- 
algebra symmetry of the T2-model through a gauge transformation on the L-operators. It thus 
follows from [14, 22] that the r2-modcl has the L(s[2) symmetry. Wc also show in the sector that 
every regular Bethe state of the r2-model generates an irreducible highest weight representation 
of L{sl2), which gives the degenerate eigenspace associated with the regular Bethe state for the 
r2-model. We then formulate the conjecture that the diagonal-to-diagonal transfer matrix of the 
SCP model has the Ising-like spectrum in the L(5l2)-degenerate eigenspace of the T2-model. 

2 Models and Yang-Baxter relations 

2.1 The chiral Potts model and the superintegrable conditions 

We briefly review the chiral Potts model [3,4,12] and its superintegrable point [1,2,6-8]. The 
model is defined on a two-dimensional square lattice with A^-statc local spins interacting along the 
edges. For two adjacent local spins o"; and Uj which take values in Zjv, that is, 0, 1, . . . , iV — 1, 
two edge- types of the Boltzmann weights Wpq{ai — aj) and Wpq{ai — aj) are given as 

n j n j 

= wp,{o) n tt'^t^vzi' = n MpM /f , 

where w is an Nth root of unity. Here p = {Xp, yp, fip) and q = {xq,yq, fiq), which we call rapidities, 
are given on a Fermat curve defined by 

fc< = l-fc'/z;^ A;t/f = l-«, e + k'^ = l. (2.1) 
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Note that both Wpq{n) and Wpq{n) are functions of variable n e Zjv- The model is integrable in 
the sense that the Boltzmann weights satisfy the star-triangle relations [4, 12]. We also give the 
Fourier- transformed Boltzmann weight: 



Af-l n A 

XpjlpU) — Xq^JbqUJ-' 



Wpq{n) = J2 u^-''"'Wpq{m) = WpqiO) n 



m=0 



We introduce the 5-operator [13, 16] to construct the monodromy matrix of the SCP model. 
Let Z and X be operators which have the action Zva- = co'^v^ and Xv^ = Va+i for a standard 
basis {wo-|f S Zjv} of the A/'-dimensional vector space C^. By using them and combining the 
Boltzmann weights, we define the 5-operator S{p,p'; q, q') € End(C^ (g) C^) by 

S{p,p';q,q') = ^Pc«®c" 13w^pp'M'(«i,«2,n3,n4)^"^2"^^"^ (2.2) 

{"J 

r, r, ^ ^ - ^Pi'M Wpq{n2) Wp, {us) Wp.q{nA) 

Wpq'{0) Wpq{0) Wp,q,{0) W^p'g(O) 

where Pc'v^c" is the standard permutation operator: Pc'^^c'^ : ^ Vr Vr ^v^. The action of 
the ^-operator is extended to a tensor product (C^)®^ (8) C^, where the tensor product (C^)®^ 
is the quantum space describing an i-site spin chain and the last space is an auxiliary space. 
Wc denote by Si{p,p'; q, q') the S'-operator acting on the zth component of (C^)*^^ and auxiliary 
space as the S'-operator S{p,p';q,q') and other components of (C''^)®^ as the identity. Here 
we use the operators Zi and Xi on (C^)**^ given by 

i i 

Zj = id (g) • • • (g) Z (g) • • • (g) id, = id (g) • • • (g) X (g) • • • (g id. 

We construct monodromy matrix T{qi,q2; {p,p'}) G End((C^)®'^ ^ C^) and transfer matrix 
i(9i,g2;{p,p'}) eEnd((C^)»^) as 

L 

T{qi,q2;{p,p'}) ='[lSi{pi,Pi;qi,q2), t{qi,q2;{p,p'}) = tvcN {T{q-i,q2; {p,p'})) , (2.3) 

i=l 

where both pi and p'^ are rapidities of the ith component of the quantum space (C^)®^ and qi and 
q2 are those of the auxiliary space C^. The parameters qi and q2 are called spectral parameters. 
Here the symbol {p,p'} denotes the set of rapidities Pi and p'^ for i = 1,2, . . . , L. 
The transfer matrices satisfy the commutativity 

t{qi , q2; {p, p'})t{ri ,r2;{p,p'}) = t{ri , r2 ; {p, p'})t{qi ,qi;{p,p'}), 

which is a result of the star-triangle relation [12]. Then the eigenvectors of the transfer matrix 
92; {PiP'}) are independent of the spectral parameters qi or 52 • 
We call the transfer matrix t(gi, (72; {p,p'}) the row-to-row transfer matrix of the chiral Potts 
model since the Boltzmann weight Wppiqqi{n\,n2,n3,ni) is considered as that of a vertex model. 
The row-to-row transfer matrix t{qi,q2; {p,p'}) is given by the product of two types of diagonal- 
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to-diagonal transfer matrices Tu{xq^,yq^) and Tb (0:52,1/52) which are defined by 

-II ^^^^^^^ ^^^^^^^^^ , 

-XX ^^^^^^^ ^^^^^^^^^ , 

where the periodic boundary conditions <jl+i = fi and Pl+i = Pi are imposed. The diagonal-to- 
diagonal transfer matrices are diagonalized by a pair of invertible matrices U and V, which are 
independent of the parameter q, as U~^Tj){xq, yq)V = A{xq, yq) and V~^TYi{xq,yq)U = A{xq, yq). 

Let us now discuss the superintegrable case. When rapidities p and p' satisfy the conditions 
Xp = ypi , 2/p = Xpi , jjLp = iJ,~} , we denote the rapidity p' by p. 

Definition 2.1. We call the chiral Potts model superintegrable, if rapidities {p,p'} satisfy the 
conditions p\ = pi for all i, that is, Xp^ = yp', , yp. = Xpi, , jjLp^ = fi~^ , (1 < i < L) [6-8j. 

In the superintegrable case, wedenoteby T(g'i, 92; {p}) andt(g'i, 52; {p}) the monodromy matrix 
and the row-to-row transfer matrix of the chiral Potts model, respectively. That is, we express 
^(91, 92; {p}) = T{qi, q2; {p,p}) and ^2; {p}) = 92; {p,p})- Hereafter we call the row-to- 
row transfer matrix t{qi,q2; {p}) the SCP transfer matrix, briefly. We also call T(gi, ^2; {p}) the 
SCP monodromy matrix. 

2.2 The T2-model and the algebraic Bethe ansatz 

Let us now introduce an integrable A^-statc spin chain whose transfer matrix commutes with the 
SCP transfer matrix. We introduce the cychc L-operator C{z;p,p') G End(C^ C^) [34,35] by 

/ -ypVp'Z + HpHp'Z -z{yp- Xp>iJ.pHp>Z)x\ 
C{z;p,p)= I . (2.4) 

\X \yp> - XpfipHp'Z) 1 - XpXp'fipfip'ZujZ J 

In the same way as the S-operator, the action of the L-operator C{z;p,p') is extended to the tensor 
product (g) (C^)®^ where the space is another auxiliary space; we denote by Ci{z;p,p') the 
L-operator acting on the auxiliary space and ith component of the quantum space (C''^)®^ as the L- 
operator C{z;p,p') and other components of (C^)*^^ as the identity. The following properties give 
the reason why the chiral Potts model is considered as a descendant of the six- vertex model [13]: 

Proposition 2.2. The L-operators Ci{z) = Ci{z;p,p') satisfy a Yang-Baxter relation 

R{z/w){Ci{z) (g) idc2) (idc2 Ci{w)) = (idc2 (g) jCi{w)) {Ci{z) idc2)R{z/'w) (2.5) 
with the R-matrix defined by 

(\-zu) ^ 

ijj{\-z) {\-iS)z 



R{z) 



l-w \-z 
yO 1-zujj 



(2.6) 
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and another Yang-Baxter relation 

Sij {p, p'; q, q')Ci {z; p, p')Cj {z; q, q') = Cj {z\ q, q')jCi {z; p, p')Sij {p, p';q,q'), (2.7) 

where Sij{p,p';q,q') is the S-operator acting on the ith and jth components of the quantum space 
^£N j^L g. operator S{p,p';q,q') and other components of (C^)®^ as the identity. 

At the superintegrable point, the cyclic L-operator Ci{z;pi,p[) is reduced to 

/ -tp^z + Z, -yp^zil - Zi)xA 
Ci{z;pi,pi) = _ , (2.8) 

\xp^X- (1 - Zi) 1 - tp^zuiZi I 

where we have defined tp = Xpyp. We introduce the monodromy matrix T{z; {p}) € End(C^ (8) 
(C^)®^) and the transfer matrix t{z; {p}) G End((C^)®'^) by 

f A(z) B(z)\ 

T{z;{p})^r\C,{z;p,,p,)^: { 'M, t(z; {p}) = trc^ T(z; {p}) . (2.9) 

i=i \C{z) D{z)] 

Here we have also defined operators A{z),B{z),C{z),D{z) e End((C^)®^). The spin chain 
described by the transfer matrix t{z; {p}) is called the T2-modcl [5, 10,40]. We remark that the 
original r2-model is defined in terms of the cyclic L-operator C{z;p,p') (2.4). 

Proposition 2.3. The monodromy matrix T{z; {p}) satisfies a Yang-Baxter relation 

R{z/w) (T {z; {p}) ® idc2 ) (idc2 ® T {w; {p})) 

= (idc2 T{w; {p})) {T{z; {p}) idc2)ii(^/w;), (2.10) 
where R{z) is the R-matrix defined in (2.6). 

The Yang-Baxter relation (2.10) gives the commutativity t{z; {p})t{w; {p}) = t{w; {p})t{z; {p}). 
Hence the eigenvectors of the transfer matrix t{z; {p}) are independent of the parameter z. The 
relation also produces relations among operators A{z), B{z), C{z) and D{z) [30]. In the next sec- 
tion, we need more general relations, which are collected in Lemma A.l. By using the relations, 
the algebraic Bethe-ansatz method is readily applicable to the transfer matrix t{z; {p}) [41]. 

Let |0) be the reference state vq ®vq® ■ ■ ■ ^vq. It has the following properties: 

L L 

A{z)\Q) = a{zm = \{{l-tp^zm, D{zm = d{z)\0) = 1[{1- tp^zcom, C{z)\0) = 0, 
for arbitrary z. 

Proposition 2.4. Let {zi\i = 1,2,..., M} be a solution of the Bethe equations: 

M M 

a{zi) n = d{z,) n f{zj/zi\ (2.11) 

j=l 3=1 
3(^i) 3(^i) 

where f {z) = {z — co) / {z — 1)lu . Then, vector \M) = B{zi)B{z2) ■■• B{zm)\0) gives an eigenvector 
of the transfer matrix t{z; {p}): 

M M 

t{z;{p})\M) = (a{z)^wf{zlzi) + d{z)^wf{zi/z))\M). (2.12) 

i=l i=l 

The vector \M) is referred to as a Bethe state. 
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If solutions of the Bethe equations (2.11) are non-zero, finite and distinct, we call them regular 
[25]. If {zi\i = 1, 2, . . . , i?} is a regular solution of the Bethe equations, we call the Bethe state 
B{zi)B{z2) ■ ■ ■ B{zii)\0) regular, and denote it by \R). 

2.3 Commutativity of transfer matrices 

As a consequence of the relation (2.7), wc obtain the Yang-Baxter relation between the monodromy 
matrices T{z;{p}) and T(qi,q2; {p}), by which we shall generalize the algebraic Bethe-ansatz 
method. 

Proposition 2.5. The monodromy matrices T{z; {p}) and T{qi,q2; {p}) satisfy 
JC-{z; qi, q2) {T{z; {p}) O idciv) (idc2 (g) T(gi, W)) 

= {idc2 <»T{qr,q2;{p})){T{z;{p}) ®idcN)jC{z;qi,q2). (2.13) 

Here the cyclic L-operator C{z; qi, q2) defined in (2.4) is considered as a 2N x 2N matrix acting 
on the tensor product C^(8)C^ of the auxiliary spaces. As a corollary, the transfer matrix t{z; {p}) 
commutes with the transfer matrix t{qi,q2; {p})- 

Thanks to the commutativity of the two transfer matrices t(z; {p}) and t{qi, q2; {p}), they 
may have a set of common eigenvectors. For the T2-model, we have obtained the eigcnstates 
through the algebraic Bethe-ansatz method. If a given Bethe eigenvector of the r2-model has a 
non-degenerate eigenvalue of t{z; {p}), then it also becomes an eigenvector of the SCP transfer 
matrix t(9i, 92; {p})- However, in section 4, we shall show in a sector that the transfer matrix 
t{z; {p}) of the T2-model has degenerate eigenvectors with respect to the sl2 loop algebra and 
hence not all the Bethe states of the T2-model are necessarily eigenvectors of t{qi,q2; {p})- 

3 Spectrum of the superintegrable chiral Potts model 

We shall show in this section that, if the spectral parameters qi and q2 satisfy the condition 
Q2 = Qi{s) = {yqi,Xq^co^,fj,~^), cvery regular Bethe eigenstate of t{z;{p}) is an eigenstate of the 
SCP transfer matrix t{qi,q2; {p})- 

3.1 Algebraic Bethe-ansatz method for the SCP transfer matrix 

First, we give a fundamental relation, generalizing the standard algebraic Bethe-ansatz method. 

Proposition 3.1. Let Hi, Ai and Di denote B{zi), A{zi) and D{zi), respectively. Let T^' , 
{t,t' G Zjv) denote the operator-valued entries of the SCP monodromy matrix T{qi,q2; {p}). By 
setting qi=q = {xg, y^, iJ,q) and 92 = q{s) = {yq, XgW^, (s = 0, 1, . . . , iV - 1) we have 

Bi---B„t;'|0) 

= E Cm-, {Uh {h})a{z,,) • • • a(z,„^ )d{zk,) ■ ■ ■ d{zk^^ )T;'+Z'' Bi, ' ' ' B^^^ |0). (3.1) 
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Here {ie}, {je} and {fc^} are such disjoint subsets of the index set S„ = {1, 2, . . . , n} that the num- 
bers of elements of the subsets denoted by ^{ie} = ns, ^{je} = nA and 'i{ke} = no, respectively, 
satisfy the condition ub +nA + = n, and the coefficients c!^'^ {{i(}; {ji}; {k(}) are given by 

nB , riA / \ no , n 

je{j«} keikgi ke{kg} 

with ii-r'riz), Vt(z) and fij defined by 

A proof of the relation is presented in the next subsection. The point of the proof is to arrange 
the product Bi-- ■ BnT^ into the order TBADC, which is possible by the help of the relations 
(A.l) and (3.10). On the reference state |0), the terms with the operator C{zi) vanish and the 
operators A{zi) and D{zi) are replaced by the factors a{zi) and d{zi), respectively. 

Next, wc apply the transfer matrix t{q, q{s); {p}) to the reference state |0). It is directly shown 
that the reference state |0) is an eigenvector of the transfer matrix t{q, q{s); {p}) [6], 

N-l 

t{q,q{s);{p})\0) = J2Xr\0) 

r=0 

= n ^^1^ E n (3-3) 

where tp^ = Xp^yp^ and tg = Xqyq. Here we define by relation (3.3). 

Let {zi\i = 1,2, .. . ,R} be a regular solution of the Bethe equations (2.11) and extract the 
term Bi ■ ■ ■ -Bh|0) from the right-hand side of the relation (3.1). Then we sec how the operator 
acts on the regular Bcthc state \R). By setting t = t' and taking the sum on r, it follows 
that the Bethe state is an eigenvector of the SCP transfer matrix t{q, q{s); {p})- 

Theorem 3.2. Every regular Bethe state \R) is an eigenvector of the transfer matrix t{q, q{s); {p}) 
with q = {Xg, yg, jig) and q{s) = {yg, a;gW^ /x^^), 

AT-l R 

t{q,q{s);{p})\R) = ^ Xr{l[^lrr{Zi))\R) 
T=0 i=l 

= N^(ji ^p^-^. yp.-yq \ V ( rr JLzIL] ^-(^+^)F(^,)f-(t,u;-) ,^, 

where F{t) is a polynomial in t defined by F{t) = HiLiCl ~ *-^») ^''^'^ {zi\i = 1, ■ ■ ■ , R} is a regular 
solution of the Bethe equations (2.11). 

Proof. By taking the sum of the left-hand side of the relation (3.1) with t = t' over r = 
0, 1, . . . , A'' — 1 and using the result (3.3), we obtain 

JV-l R N-l R 

E {l[^^rr{z^))B,■■■BnT;\0)=J2^r{ll^lrr{z^))B,■■■BR\0). 
T=0 i=l r=0 i=l 
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On the other hand, from the right-hand side of the relation (3.1), we have 

N-l R 



E [\{y^rr{zi))B,..-BnT;\Q) 



T=0 i=l 
JV-1 



_ i^TT\'^oj,)^T+py'^jj,) -j-j- 



MTT(%)l'r+p(^ip) -IJrrizk,)vT-q+l{zk,) 



r=0 {i,},U^},{fc^}p=l q=l Mr-g+l,r(^feJ 

\ ie{i^} J 



ie{3>} ks{k(} ke{ki} 
N-1 



i 11 '^O^ 11— ——77^11 » u,) 



m=0 ieEH\{i<} ^^=0 -(3>}.{'=«} p: 

n_B n.-l n.D 



f,,ijk,ijk,,, T^+:fB,, ...B,^ |0) 

r=l p=l q=l 

R N-1 



, m(R—m)-\-nA'nn 

UJ 



= E E ( n«OE E 

m=0 {i;.} ieER\{if} T=0 {3ti,{ke) 

-—Vr+no+p{Zj„) 11 j—Vr+no-q+l{Zk,) 

p_j h''T+nD,T+nD+p-l\Zjp) h^T+nD-q+'i-,T+nD\^kg ) 

riB riA no 

^ II n n fipirfk,irfk,3p Tr+R-m^ii ' ' ' Bi^\Q) 
r—1 p=^l g=l 

N-1 

= J2T;Bi.-.Bn\0)=t{q,q{s);{p})\R). (3.5) 

T=0 

In the second equaUty, we have calculated as 

( n n n •^^'^-^^'^ ) '^'^i ■ ■ ■ ^'^-^d = n ( n f^'^] 

\ie{ie}je{je}ke{ke} / ke{ke} V ie{ie}U{je} I 

= n n =( II n n fkifkj\ak^---ak„^, 

ke{ke} \ ie{i«}U{j>} / \ite{it} jte{je} kee{ke} / 

where we have employed the identity in Lemma B.3 which is derived from the Bethe equa- 
tions (2.11). The unwanted terms m ^ R'm (3.5) have been canceled out because of the identity 
in Lemma B.4. □ 

3.2 The Ising-like spectrum consisting of 2^ eigenvalues 

From the expression of eigenvalues of the SCP transfer matrix t{q^ q{s)'. {p}) wc can derive eigenval- 
ues of the diagonal-to-diagonal transfer matrices TY){xq, Uq) and TD{xq, jjq). From the discussion 
similar to [8], the set of eigenvalues in the invariant subspace containing a given regular Bethe 



9 



state \R) are given in the following forms: 

A{x„y,) = TV* (f[ ^^r^] <«<V-^^«i^(t,)G(M-^), 

A{x„y,) = AT* (fl f^r^] /^,-^^=^^(i,)GK-^). (3.6) 

Here Pa and Pt arc integers satisfying Pa + Pb = —L — R mod N ^ and we recall F{tq) = HiLi (l ~ 
tqZi). G{iJLq) and G{p,q) are polynomials in satisfying G{jiq) = const. G(/x^). 

From the relation t{q, q{s); {p}) = Tuixq, yq)TY){yq, XqUj'^), the product G{^q^)G{iJ,q ) is given 

by 

JV-l / L ,N _,N \ ,t{L+R) 

OW-XJK") = PscP(.f ) E (n (-) 

Here Pscp(i^) is a polynomial in of degree at most [^^^"^—^—^]] the Bethe equations (2.11) 
correspond to the pole- free condition. We call the polynomial Pscp(C) the SCP polynomial. We 
remark that, in our result, only the case Pt = appears. The relation k'^t^ = \ — k'{Hq +iJ,~^)+k''^ 
tells us that the polynomial Pscp{tq) is regarded as a Laurent polynomial in /x^ of degree r = 
degPscp(C) whose zeros occur in reciprocal pairs. Then, by denoting the 2r zeros by {wf^}, we 
have 2^ solutions for G{^^) and G{iiq) in the forms 

G(Mf ), G(Mf ) = const. ^[(Mf - <), (3.8) 

i=l 

where = 1 or —1 is independently chosen for the index i. 

The T~ solutions for G{ii^) and G{ii^) are similar to the 2*" eigenvalues of the Ising-like 
form [18,38]. We thus call the set of 2*" eigenvalues of the diagonal-to-diagonal transfer matrices 
associated with a regular Bethe state the Ising-like spectrum associated with the regular Bethe 
state. In fact, in the homogeneous case of pi = • • . = Pl, it follows from the Onsager-algebra 
structure of the SCP model that each eigenvalue is non-degenerate, that is, the multiplicity of the 
eigenvalue specified by a set of {ej} is given by one. 

For the homogeneous case, the Ising-like spectrum of the diagonal-to-diagonal transfer matrix 
was shown by applying the functional relations among the transfer matrices [1,2,6-8,41]. There 
are three types of the functional relations [6-8]: the first relation is based on the fact that the 
transfer matrix of the SCP model is exactly a Q-operator for the r2-model [13,40], and it gives 
eigenvalues of the transfer matrix of the T2-model. The second relation is interpreted as a T- 
system [32,33], which recursively generates the eigenvalues of the transfer matrices in the fusion 
hierarchy. The third relation leads to the eigenvalues of the product of the diagonal-to-diagonal 
transfer matrices of the SCP model with a constraint on the spectral parameters. The algebraic 
Bethe ansatz of the T2-model given in the previous section plays the same role as the first functional 
relation [41]. The algebraic approach formulated in this section plays a similar role as the second 
and third functional relations. 
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3.3 Proof of Proposition 3.1 

The subsection is devoted to a proof of Proposition 3.1. Our strategy is to derive a recursion 
relation for the coefficients '^{{ie}\ {je}\ {ke}) in the relation (3.1). 

Lemma 3.3. The Yang-Baxter relation (2.13) is equivalent to the following relations: 

ar'{z)Aiz)T:' +(3r'{z)C{z)T^'-' = ar{z)T;' Aiz) + ^r{z)T;'_,B{z), 
ar'{z)B{z)Tf +(3r'{z)D{z)T;'-' = (3r+i{z)T;'_^,A{z) + dr{z)T;' B{z), 
^r'+i{z)A{z)T:'+' +6Az)C{z)T^' = ar{z)T;'C{z)+^r{z)T;'_^D{z), 
^r'+i{z)B{z)T;'+^ + 5r\z)D{z)T;' = (ir+i{z)T;'^^C{z) + 5r{z)T;' D{z), (3.9) 

where 

Oir{z) = -Vq^Vq^Z + jJ.g^llq^U)'' , I3r{z) = -z{yg^ - Xq^Hq^jJ.q^Ul''), 

1t{z) = yq2 - Xp^Hq^Hq^U)'' , 8r{z) = 1 - a;,i Olg, /ig, 2:0;'"+^ 

Here we have omitted the dependence of the spectral parameters qi and q2 in the coefficients 
ar{z), Priz),jT{z),Sr{z) and the operator . 

Lemma 3.4. For the operators , we have 

llr'r{z)B{z)T;' 

= T;'b{z) + Vr+i{z)T;'^^A{z) - Vr-{z)T;'-^D{z) - Vr-{z)vr+i{z)T;'-^^C{z). (3.10) 

Here jir'riz) and Vr{z) coincide with those defined in (3.2), respectively, by setting qi = {xq,yq, fj,q) 
and q2 = {yq,Xqijj% Hq'^). 

Proof. From the second and fourth relations in Lemma 3.3, we have 

\ dr{z) dr[Z) dr'-l{z)J 6r[z) 



—I^ U[z) + - ^ , . l^+i ( 

Sr'-l{z) ^ Or'-l{z) dr{z) 



By setting qi = (.t^, y,, /i,) and (72 — (yq, XqUj'* , fi^ ), wc prove the relation. □ 

Lemma 3.5. Let I = {ie}, J = {je} and K = {ki] he such disjoint subsets of the set E„ = 
{l,2,...,n} that jj/ = ub, ft J = riA, = no and ub + riA + no = n. The coefficients 
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c„(7; J;K) = c!^'^{I\ J;K) in the relation (3.1) satisfy the following recursion relation on n: 
= c„_i(J\M; J; K)- 

H'r'—nD,T-\-nA \^n} 

+ Cr,-^{I; J\{n}; K) . \[ujfni 

IJ'T'-no,T+nA-l[^n) 

-Y,Cn-i{IU{j}\{n};J\{j};K) '--+"^(^") ^ ( J| ^f.\g^. 
- c„_i(/; J; K\{n}) '^-'-"^+^("") r[^/,„ 
-^c„_i(JU{fc}\{n};J;K\{fc}) '^-'-"°+^(^") ^ ( ]J 



- ^ c„-i(JU{fc}; J\{n}; j^\{fc}) '^-'-""+^^^"^'^-+"^^""^ u;(n^/m^/.Og»fe 

^ I^T'-nn + l.r+nA-l{Zn} V ^ 

+ Y: c.-i(/U{i}; J\{j}; j^\M) "-'-"-+^^""^"-+"f""^ a.. ( [] a;/,.a;/,„)ff„, 



+ ^ c„_i(/U{j}U{fc}\{n}; J\{j};i^\{A;}) 



X ; r — iu 



I \ ~fjk{ If <^fji^^fik)9nj9nk- 
^J■T'-nD + l,T+nA-l\Zn) \6/\{„} 



Here, if the set Si is not a subset of S, we set c„{S \ S'l; •; •) = c„(-; S\Si;-) = c„(-; ■; S\ Si) = 0. 

Proof. We apply the operator Bn = B{zn) to both sides of the equation (3.1) with n — 1 in place 
of n. Let / = {ie}, J = {je} and K = {k^} be such disjoint subsets of the set S„_i that (J/ = ms, 
tJJ = rriA, 'iK = ruD and ms + + Tn£) = n — 1. By using the relation (3.10), we have 

Bi---Bn-lBnT^'\0) 

= y: c::ii{i-J-,K)B^T:'-Z^B,^...B,^^A-.^.^ 

I,J,K 

_ \^ „t't ff. J, f>\( 1 rpT'-mDTD j_ ^T + mA + l{Zn) rpr'-mp A 

p-r' —mp,T-\-mA {."-"n ) f-*'T' —mp,T-\-mA \'^n J ' 



By arranging the operators A{z), B{z), C{z) and D{z) in the order BADC with the relations in 
Lemma A.l and by rewriting the terms in the form of the right-hand side of (3.1), we obtain the 
recursion relation. □ 

We now prove Proposition 3.1. From the symmetry of the relation (3.1), it is enough to solve 
the recursion relation in the case «!<•••< ins < ji < ■ ■ < Jua < ki < ■ ■ < kn^- First we 
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consider the case hb =n, that is, ii = £ ioi i = 1, 2, . . . , n and J = K = (j). The recursion relation 
is reduced to 

Cnil'A'A) = Cn-l{I\{n}]<p](j)) r. 

Mr'r \^n) 

Prom the initial condition co(^; 0; ^) = 1, the recursion relation is solved as 

c„(J;0;0)=n— i— , 

which is consistent with the form (3.1). Second we consider the case ns + nA = n, that is, n G {ji} 
and K = (f). The recursion relation is reduced to 

c„(/; J; = c„_i(/; J\{n}; 0)^^^±Mlf!iI^ J| 



By using the result in the case ub = n, we obtain 



c„(7; J; ^) = n n '^^^"^'Ti , n -z.-^' 



which is also consistent with the form (3.1). Third we consider the case n G {ke}. The recursion 
relation is reduced to 



c„(7; J; K) = -Cn-i{I; J; K\{n}) M ojf.n 

^T'-nD+'i-,T+nA\^nj 

+ Y^Cr._,iIlj{j};J\{j};K\{n})^^I^^^^^^^ (3.11) 

Note that, in the case, the coefficients c„_i({i^}; {j^}; {k'f,}) with general sets {i'^}, {j'^} and {fc^}, 
which are not necessarily in the order i[ < ■ ■ ■ < < .][ < ■ ■ ■ < j'n^ < k[ < ■ ■ ■ < k'^^^ , appear. 
Assume that the coefficients Cn-i{I- J', K \ {n}) and Cn-i{I U {j}; J\{j}; K\{n}) in (3.11) are 
given in the form (3.1). Substituting the form of the coefficient c„_i({i^}; {je}; {kg} \ {n}) and 
knn = ^ iiito first term of (3.11), we obtain 

- cn-ii{i&, {ke}\{n}) '^-'-"^+1^""/ H 



_^ t-lT'rizi^) A*T',r+p-l(2jp) /ir'-g+l,T (^fc^ ) /ir'-riD+l.T+nA (^n) 

^ II '^•Zj* II II '^•^■5'= II ^-^V" 

ie{i(.} ie{i<|} je{j<} r=l 

= c„(M;{i4;{M) /"""°^^"^'"^ , n ;7^- (3-i2) 

Mt'— nD + l,r+nyi j r ■ i ^ J jn 

In a similar way, substituting the forms of the coefficients Cn-i{{ii\ U {jp}] \ {jp}; {ki\ \ {n}) 
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and kno = n into the second term of (3.11), we obtain 



p=i MT'-nD+l,r+riA-l V-^n j ^ 



fr' -nD + l{Zn)l'T+nA{Zn) 

X T 7 CtJ 



Hr'-nn + l,T+nA-lKZn) ^g{^,}uOp} i£{i,}uOp} j£0>}\{jp} V=l 
jeO>}\{3p} fee{fef}\{»} fee{'=«}\{»} 



-Cn{{n};{3eh{h})2_^ — - — 7—^^ — j-T- — Tr^-r~ 11 1 

„_1 t^r'TyZj^) l^r'-nD+l,T+nA-l\^n) '^T+nA\'^jp) Jjpn ._r.-,\r. 



JJp_ 
jn 

(3.13) 



Hence, by combining (3.12) and (3.13), the coefficient Cn{{ie}',{ji}',{ke}) is shown to be in the 
form (3.1) if the following relation holds: 

MT'T(^jp) A'r'-ni3 + l,T+nA-l(-2^") '^T+nA('^jp) /jp" ^.g^^.^jy^^.^j /jn 

which is the identity in Lemma B.3. 



4 The si2 loop algebra symmetry of the T2- model and de- 
generate eigenspaces 

4.1 Gauge transformations on the X-operator 

We now introduce another L-operator in order to show the SI2 loop algebra symmetry of the T2- 
model. The degenerate eigenspace of the transfer matrix constructed from the new L-operator is 
identical to the degenerate eigenspace of the r2-model which we have introduced in Section 2.2. 
Let us introduce the i-operator C,{z) G End(C2 (g) (C^)*^^), (i = 1, 2, . . . , L) given by 

Here q is not a rapidity on the Fermat curve (2.1) but a generic parameter, and {{k)i, {e)i, {f)i} 
is the A''-dimensional representation of the quantum algebra Uq{sl2) non- trivially acting only on 
the ith component of the quantum space (C^)®^ as 

kv^ = eq^~'^~'^''v^, ev^ = ea[N - a]vc,-i, fv„ = a~'^[a + l]v^+i, 

with a 7^ and [n] = '^qZq-i ■ We set e = 1 for odd N and e = — 1 for even A''. One sees that the 
i-operator jCi{z) is nothing but that of an XXZ spin chain with iV-state local spins and a twist 
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(l 



R6v{z) 



\ 



\ 



parameter. The L-operator jCi{z) satisfies the Yang-Baxter relation (2.5) with the i?-matrix of 
the six-vertex model given by 

^ " " 

{l-z^)q zil-q-") 
z{l-q^) {l-z^)q 




(4.2) 



z'q'j 



We introduce the monodromy matrix T{z; {p}) S End(C^ (8> (C^)®^) and the transfer matrix 
f{z) = f{z; {p}) e End((C^)®-^) as 

L 

f{z;{p}) = l[£i{tizq^)=: 



f(^;M) = trc2(T(^;M)). (4.3) 



A{z) Biz) 
^C{z) b{z)^ 

In a way similar to Section 2.2, we apply the algebraic Bethe-ansatz method to the transfer matrix 
f{z; {p}) to obtain Bethe eigenstates. The associated Bethe equations are given by 



n 



t^^zfeq^ - 1 



The transfer matrix t{z^;{p}) of the r2-model defined in (2.9) is equivalent to the transfer 

matrix f{z; {p}) at eg^ = 1. We set cu = q^ with the primitive Nth root of unity q for odd N 

1 _ i_ 

and the primitive 2A''th root of unity q for even A'', and take a = Xp^Up^^ . Then, in terms of the 
operators Zi and Xi, the representation of the quantum algebra Uq{sl2) is expressed as 



eq 



N 



n 



2 2 



zy 



(4.4) 



{e), = ^^^x-\z---zh if), = ^^{zf - z: 



q-q- 



q-q- 



by which the i-operator jCiiz) at eq^ = 1 takes the form 

q-i{- zq-hzp + z-^qhZf) xjyl{z} - Z7^)Xi 



Ciiz) 



xlyp~'X7\Z, 5 - Z/) qh{- zq^Zf + z-^q-'^Z. 



The L-operator Ci{z) is transformed to the L-operator Ciiz'^;pi,pi) defined in (2.8) as follows: 



, \t^,zq^Z^-£i{g,zq-^) 
.0 z q2 I \0 zq 2 I 



£iiz'^;Pi,Pi)- 



Through the gauge transformation, the Yang-Baxter relation with the ii-matrix i?6v(^) for the 
L-operator Ci{z) is transformed to the Yang-Baxter relation (2.10) with the i?-matrix R{z) (2.6). 
In the case of odd A'', the i-operator jCiiz) satisfies the Yang-Baxter relation (2.7). On the other 
hand, in the case of even N, the L-operator jCi{z) does not satisfy the relation (2.7) due to the 

multiplication by the operator Z^ . However, the conserved operators derived from an expansion 
of the logarithm of the transfer matrix fiz; {p}) commute with the transfer matrix tiqi, q2 \ {p}) 
since the operators Z^ are canceled out in the derivation. Furthermore, the product Zl ■ • • Z£ , 
which appears in each entry of the monodromy matrix T(z; {]?}), acts as the constant q*^ on the 

sector spanned by the vectors v^^®---® satisfying ai H h cl = M. As we shall see below, 

each Bethe eigcnstate and its i(s[2)-descendant state belong to one of the sectors. Therefore, 
transfer matrices fiz; {p}) and riz; {p}) thus share a set of common eigenvectors. 
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4.2 The SI2 loop algebra symmetry 

We now show the sl2 loop algebra L{sl2) symmetry of the T2-model. We first obtain a represen- 
tation of the quantum afBne algebra ?7g(s[2) in a limit of the entries of the monodromy matrix 
f{z;{p}): 

Mz) D{z) ,1 ,1 
A := lim = hm = (g) • • • (g) A:2 , 

m{z)q~^ m{z)q^ 

B±:= lim /^^^^ = y^g'^~'ftp/g'F;) fc±; (g ■ ■ ■ o A;=^^ (g)/ O fc'F^ (g) ■ ■ ■ (g) k'^i , 
^00 m{z)n±{z) ^ ^ , ' ^ , ' 

'-^ i-l L-i 

C{z\ ^iiiii 1 1 1 

C± := lim — , , , , = y^g~"^"^'(^?i"g'^^) fc"^^ <g) ■ ■ ■ (g fc"^^ ®e ® (g ■ ■ ■ (g A:=^^, 
;^±i^<x) m(^;)n±(2;) -f^ ^ . ' ^ « ' 

*— 1 i— 1 L—i 

L - 1 — - 1 

where m{z) = Yli^iitp-zq"^ — tp.^ z^^q^^) and n±{z) = ±z^^{q — q~^)- They indeed give a 
finite-dimensional representation of Ug{si2) through the map tt^^^ : Ug{si2) — » (C^)^^ defined by 

TT^^) : ko,i, eo, ei, /o, /i ^ B+, C+, C_, 

where {fci, ei, — 0, 1} is a set of the Chevallcy generators of C/^(s[2). 

Second wc show that, in the limit eq''^ 1, the representation tt*-^^ of the quantum afHne 
algebra Ug{&l2) gives a finite-dimensional representation of a Borel subalgebra of i(s[2). The si2 
loop algebra is realized by the Drinfeld generators a;+, x~ \n = 0, 1, 2, . . .} satisfying 

The algebra has two Borel subalgebras b+ generated by {/i„,a;+,a;~ |n > 0,m > 0} and b_ 
generated by {/i_„,a;l^,a;I„|n ^ 0,m > 0}. Define the operators 



ij(^) := ^ id ig • • • g) id (g /i g) id ig) • • • (g) id, 

eq"^l [n]! eqW^l [n]! 



where hv„ = {N — 1 — 2a)v^ and [n]! = [n][n — 1] • • • [1]. The operators and c£^^ are well- 
defined in the limit eq^ — > 1 since both the operators {B±)^ and (C±)^ include the factor [A'']!. 
They satisfy the relations 

[Sf ) , [sf ) , [sf ) , Cf ^]]] = 0, [Cf ) , [Cf ) , [Cf ) , )]]] = 0. 

Here the last two relations are obtained from the limit eq^ ^ 1 of the higher-order g-Serre relations 
in /7^(sl2) [36]. Then we find that the map ip+ : b+ ^ End((C^)®'^) defined by 
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is extended to a finite-dimensional representation of the Borel subalgebra b+ and the map ip- : 
b- ^ End((C^)®-^) defined by 

is also extended to that of the Borel subalgebra ti_. 

Proposition 4.1. The T2-model in a sector specified below has the Borel subalgebra symmetry in 
the following sense: the transfer matrix f{z) = f{z; {p}) at eq^ = 1 satisfies 

[f{l)-^f{z), ip+ix)] =0 /or X e b+ 

in the sector with = and 

[f (l)-^f (2), ip- {x)] =0 forxeb- 

in the sector with = q~^ ■ 

Proof. In the limit eq^ — > 1, we have 

A{z)Bf~^ = eBf~^A{z) - z^'q-^ B^^''^ B{z)A^\ 
D{z)B^^^ = eB^^^D{z) + z^^^ B^^-^^ B{z)A'^\ 

) = eCf^b{z) - z^\^C^^-'^C{z)A'^\ 
By considering them in the sector with = q^^, we prove the proposition. □ 

Let us consider the condition A'^ = q^^ in detail. Prom the relation A^ = k ® ■ ■ ■ <Si k, we have 
A"^ = ^Lq{N-i)L-2M _ q-L-2M ^j^g scctor Spanned by the vectors <8> • • • "^i v^j^ satisfying 

(Ti H \-(Tl = M. Then the condition A^ = q^ means M + L = mod N and A'^ = q~^ means 

M = mod N. One notices that the reference state |0) belongs to the sector with A"^ = q~^. 

We now show the 5(2 loop algebra symmetry of the T2-model. It is known that every finite- 
dimensional irreducible representation of the Borel subalgebra b± is extended to that of the SI2 
loop algebra [14,22]. Therefore, it follows from Proposition 4.1 that the transfer matrix of the 
T2-model has the sb loop algebra symmetry. 

Third we now show that any given regular Bethe state \R) in the sector with A^ = q"^^ is a 
highest weight vector with respect to the representation ip± of the Borel subalgebra b± and the 
highest weight representation generated by the Bethe state is irreducible. A vector O is called 
highest weight of the Borel subalgebra b+ if it is annihilated by a;+, (n > 0) and is diagonalized 
by hn,{n ^ 0), and is called highest weight of b_ if it is annihilated by a;j^„,(n > 0) and is 
diagonalized by /i_„, (n ^ 0). The conditions are equivalent to [21] 

xAn = 0, hofl = rn, ^ ^1 O = x+ ^, (meZ>o) for b+ 

m! to! 

(x+ )™ (x~)"^ 

x1:M = 0, hon = rn, ^ ~V , = x~0, (meZ>o) forb-, 

m TO 
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where r G Z>o and Xm ^ -^y using the set {Xm} ^ highest weight vector of the Borel 
subalgebra b±, we define the highest weight polynomial as [23,24] 



Proposition 4.2. At eq^ = 1, every regular Bethe state \R) in the sector with A? = q^^ is a 
highest weight vector with respect to the representation ^p± of the Borel subalgebra b± . The highest 
weight polynomial is given by 



where F±(0 = 11^=1(1 - ) and {zi} is a regular solution of the Bethe equations (4.4). 
We shall give a proof of Proposition 4.2 in Appendix C. 

Here we can directly show that every highest weight vector of the Borel subalgebra becomes a 
highest weight vector of the si2 loop algebra in a finite-dimensional highest weight representation 
(see, Appendix A of [25]). 

Let us discuss a physical consequence of generic inhomogeneous parameters. For a given regular 
Bethe state, the zeros of polynomial (C) (4-5) should be distinct, if inhomogeneous parameters 
{pn} on the Format curve (2.1) are given by generic values. If they arc distinct, it therefore 
follows that the highest weight representation generated by the regular Bethe state is irreducible 
and the polynomial P^{C,) is identified with the Drinfeld polynomial [15,23,24,27]. Assuming 
that the zeros of the Drinfeld polynomial are distinct, we express the distinct zeros (C) by 
Ci,(i = l,2,...,r = deg {Q). Then, the representation is isomorphic to the tensor product of 
two-dimensional evaluation representations, Vi(Ci) <8> • • • <E) Vi(Cr), and the T2-model in the sector 
A? = q^^ has the 2''-dimensional degenerate eigenspace associated with the regular Bethe state. 

4.3 Complete iV-strings and degenerate eigenvectors of the 5I2 loop 



In Propositions 4.1 and 4.2 of Section 4.2, it has been shown in the sector that the T2-model has 
the SI2 loop algebra -^(sb) symmetry and also that every regular Bethe state \R) is a highest 
weight vector of ^(sb). Therefore, the degenerate eigenspace of the T2-model associated with the 
regular Bethe state \R) is given by the highest weight representation generated by \R) through 
generators of L(5^2)• 
Let us define a complete A''-string by the set {e^w'jZ = 1,2,..., N}, where we call A the center 
of the string [29]. By adding m complete A''-strings {e^^w~''\l = 1,2, ... ,N,j = 1,2,..., m} to a 
regular solution {zi\i = \.2. . . . ,H} of the Bethe equations (2.11) and taking the limit Kj ±00, 
we obtain a formal solution {zi} U {e^^o;^'} of the Bethe equations (2.11) with M — R + mN. We 
call it a non-regular solution. It is clear that the transfer-matrix eigenvalue (2.12) for a non-regular 
solution {zi} U {e^^ui^^} is the same as that of the original regular solution {zi}. 

We now discuss that the SCP transfer matrix t{q,q{s);{p}) with q = {xq,yq,iJ,q) and q{s) = 
{yq,XqW^,li~^) should have degenerate eigenspaces. We observe that the eigenvalue (3.4) of the 




(4.5) 



algebra 
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SCP transfer matrix t{q, q{s); {p}) with a non-regular solution {zt} U {e^^ui~^} is the same as that 
with the' original regular solution {zi}. As a consequence, the degenerate eigenspace of the transfer 
matrix t(z; {p}), which contains a regular Bethc state and non-regular Bethe states, corresponds 
to a degenerate eigenspace of the transfer matrix t{q, q{s); {p})- 

Non-regular Bethc cigcnstatcs with complete A'^-strings may vanish as wc shall sec in Sec- 
tion 4.2. However, there are several approaches to obtain non-zero eigcnstates corresponding to 
non-regular solutions such as complete A'-strings [19,20,25,26,28]. Thus, from the observation 
that the eigenvalue (3.4) does not depend on complete A'-strings, we suggest that the SCP trans- 
fer matrix t{q,q{s);{p}) is also degenerate in the L(s[2)-degenerate eigenspace of the T2-model 
generated by a regular Bethe state. 

We thus propose a conjecture that the sl2 loop algebra symmetry of the T2-model gives a 
degenerate eigenspace of the SCP transfer matrix t{q, q{s); {p}) in the sector. Intuitively, in terms 
of complete A^-strings, we may interpret that every L(s[2)-descendant state of a given regular Bethe 
state should be expressed as some linear combination of such non-regular Bethe states consisting 
of complete A^-strings. Furthermore, the Drinfeld polynomial P^{C) (4.5) is identical to the SCP 
polynomial Pscp(C) (3-7) associated with the regular Bethe state. Thus, the L(sl2)-degenerate 
eigenspace of the r2-model should have exactly the same dimensions as the invariant subspace 
associated with the Ising-like spectrum (3.6) characterized by the SCP polynomial -Pscp(C)- 

4.4 The SI2 loop algebra degeneracy and the Ising-like spectrum 

We now discuss an important consequence of the commutativity of the SCP transfer matrix 
t{q, q{s); {p}) with the transfer matrix t(z, {p}) of the T2-modcl. Here wc note that basis vec- 
tors diagonalizing commuting transfer matrices do not depend on the spectral parameters. 

We define the completeness of the Bethe ansatz of the T2-model at the superintegrable point 
by the following conjecture: 

Conjecture 4.3. All regular Bethe states in the sector with = q^^ and their descendants with 
respect to the SI2 loop algebra give the complete set of the Hilbert space in the sector on which 
transfer matrix t{z, {p}) of the T2-model acts. Here we recall eq^ = 1. 

For generic values of spectral parameter z, regular Bethe states in the sector are non-degenerate 
with respect to the eigenvalue of transfer matrix t(z, {p}). The degeneracy in the eigenspectrum 
of transfer matrix r(z, {p}) should be given only by the SI2 loop algebra symmetry. Similarly, for 
generic spectral parameters, regular Bethe states are non-degenerate with respect to the eigenvalue 
of the SCP transfer matrix t{q,q{s); {p}). The eigenvalue of t{q,q{s); {p}) is also generic with 
respect to the spectral parameters, as shown in (3.4). 

Thus, if Conjecture 4.3 is valid, i.e. the completeness of the Bethe ansatz for the T2-model is 
valid, we have the following corollary: 

Corollary 4.4. In the sector with A^ = q^^ , the SCP transfer matrix t{qi,q2;{p}) is block- 
diagonalized with respect to the L{sl2)- degenerate eigenspaces of the T2-model associated with the 
regular Bethe states. Here we recall eq^ = 1 . 
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Assuming the arguments for deriving the formula of eigenvalues of the diagonal-to-diagonal 
transfer matrices Tu{xq,yg) and TB{xq,yq), we have the following conjecture: 

Conjecture 4.5. In the L{si2)- degenerate eigenspace of the T2-model associated with a regular 
Bethe state \R), the diagonal-to-diagonal transfer matrices TD{xq,yq) and TD{xq,yq) of the SCP 
model have the Ising-like spectrum (3.6) associated with the regular Bethe state \R). 

Let us consider some examples of the invariant subspace of the Ising-like spectrum associated 
with a regular Bethe state |-R). If the degree of the Drinfeld polynomial -P^ (C) is zero, then \R) is 
an eigenvector of both of the two diagonal-to-diagonal transfer matrices Tj){xq,yq) and Tu{xq, yq). 
The Bethe state should generate a singlet of the si2 loop algebra, i.e. a one- dimensional highest 
weight representation. One notices that, if i? = L{N — l)/2, the degree of the Drinfeld polynomial 
P^iC) is zero. 

However, if the degree of the Drinfeld polynomial is nonzero and given by r, the SCP transfer 
matrix t{qi,q2;{p}) should be block-diagonalized at least with respect to the L(sl2)-degenerate 
eigenspace of the T2-model associated with \R). Furthermore, the SCP transfer matrix t{q, q{s); {p}) 
should be degenerate in the 2'"-dimensional L(s[2)-degenerate eigenspace of the r2-model associated 
with \R), as it was conjectured in Section 4.3. 

4.5 AT = 2 case 

We verify in the case of A'' = 2 with a set of homogeneous parameters that the Hamiltonian of the 
SCP model has the Ising-like spectrum in the i(s[2)-degenerate eigenspace of the r2-model. In 
the case, the SCP model is the two-dimensional Ising model. The Hamiltonians of the SCP model 
and the T2-model are given in the forms 

L L L 

i=l i=l i=l 

where a^, (7^ and are Pauli's matrices. In terms of Jordan- Wigner's fermion operators: 

j=i i=i 
the Hamiltonian in the sector with := ^ X^i^i '^f = mod 2 is written as 

= sin(A;)4cfc, 

whereA' = {f,^,...,i^i^}. For even L, the 5(2 loop algebra symmetry describing a degenerate 
eigenspace of the T2-model is given by 

/,„ = 5^ cot^" (^) (if),, x+=^cot2"+i(^)(i?)., x- = J2^ot'--'QiFh, 

kGK keK keK 

where {{H)k, {E)k, {F)k} is a two-dimensional representation of the SI2 algebra given by 
{H)k = 1 - 4cfe - cLfeC_fe, {E)k = C-kCk, {F)k = cl^-k- 
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Here we should remark that for the XX model under the periodic boundary conditions the Cheval- 
ley generators of the loop algebra symmetry were constructed in terms of the free fermion 
operators [26]. 

The reference state jO), which is a highest weight vector, i.e. x^\0) = and /i„|0) = 
cot^"(/i;/2)|0), generates a 2^/^-dimensional irreducible representation corresponding to a de- 
generate eigenspace of the Hamiltonian Ht^ ■ On the other hand, in the sector, the Hamiltonian 
-ffscp is expressed as 

Hscp = 2 J2 - 2A ^ {cos{k){H)k + sm{k){{E)k + {F)k)). 

keK keK 

It is clear that the Hamiltonian iJscp acts on the 2^/^-dimensional irreducible representation 
space. The 2^/^ eigenvalues of i?scp and the corresponding eigenstates are given by 

E{K+-K_) = 2 ^ Vl-2Acos(fc) + A2-2 ^ ^1 - 2Acos(fc) + A2, 

fee if + fcGif- 

\K+-K_)= [] (cos0fe + sin0fc(F)fe) [] (sin0ft-cos0fe(F)ft)|O), 
fcei<'+ fceif- 

where Kj^ and K_ are such disjoint subsets of K that K = U K_ and tan(20fe) = xeS^^PT' 
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A Relations among the operators in (2.9) 

Lemma A. 1. Let Ai, Bi,Ci and Di denote A(zi), B{zi),C{zi) and D{zi), respectively. We have 

(n n i \ 

/ ^ ^ i \ 

DoBi, ■ • • Bi„ = ( n /»po) • • • Bi^Do +J2 ( n X^,)9m,BoBi, Bi^D^.^ 



p=l p=l q(jtp) 



\ p=l p=l 



\ p=l p=l g(7ip) / 

£)0-4ii • • • 

P=l 9(#P) 

C'o-Bii • • • -Bi„ = w"-Bj^ • • • -Bi„Co 

\P=1 qr(#p) 9(7tp) 

~ ^ 90ip90igB(,Bi^ Bi^fi^i^ ^ JJ /ipv/v»<,)^ip A, 1 , (■'^•1) 

w/iere = f{zi/zj) and gij = g{zi/zj) with 

Z-UJ 1-UJ 

/(^) = 77 TT7' 9{z) = 



[z — l)a;' [z — 

Proof. The relations with n = 1 are equivalent to the Yang-Baxter relation (2.10). For n > 2, we 
employ induction on n with the identity in Lemma B.2. □ 



B Identities 

We collect here several useful identities. 

Lemma B.l. Let S he a subset of S/j = {1,2,..., R}. We then have 

nf«^ n ^)=nf'^' n 

ies \ je^R\s / ies \ jeSR\s J 

The following three identities of rational functions are proved by verifying that all the residues 
in the left-hand side are zero. 

Lemma B.2. 

(n n \ n 
( n - ( n + E ( n h^9ki9ii = o. 

i=l i=l / i=l 
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Let {ie}, {ji} and {kg} be such disjoint subsets of the set S„ = {1, 2, . . . , n} that 'i{ie} = ub, 
= ^A, '^{ki) = riD and hb +nA + no = n. We have the following identities: 



Lemma B.3. 

riA / \ 

Jjp,n ~ ~ 

p=l 



, ,riA TT f I^T'-nD + l,T\Zn) 
^ 11 Tjp,n - — — — 

, M-r',r+raA-l(%) I^'t' -nn + l,T{Zn) ^^t+waC^w) ha „ TT f — n 

-r'-nr) + l,T+7iyi-l V^n^ '^^r+nA ^.^jp 



or, explicitly, 

r(^p) 

Lemma B.4. 



riA / \ no / \ 

ET— r I^T+no,T+no\'^3p) i \ TT ~ I^T+nD,T+no\^kg ) , ^ 

11 7 7—^^r+nD+p\Z'Jp) 11 7—^^T+nD-q+-^\.ZkJ 

{j^},{k,] p=l l^'^+"-D,T+nD+p-l\^jp) I^T+nD-q+i,T+nD\^kq) 



''B+"A+'^D 

X 



ie{i«} i€{ie} jeiie} 

jeUe} k€{ke} fee{fef} 



or, explicitly, 

V (-r°TT TT TT TT — ' = 

J-l te. cj-r+WD+i - ill tzk a;'^+"D _ 1 11 11 0. _ Zi 

"■A+^-O' 



{u}.{ki} p=i "-'Jp"' ■ " ^ q=i '^''"'^ ■ " - X - 



C Proof of Proposition 4.2 

We give a proof of Proposition 4.2. The detailed proof for the case of the XXZ-Heisenberg spin 
chain at roots of unity is presented in [25]. Here we show only some different points from it. 

For simplicity, we consider the representation of the Borel subalgebra b+. Let Ai = A{zi), 
Bi = B{zi), Ci = C{zi) and Di = D{zi) for i e Em = {1,2, ...,M}. One of the relations in 
Lemma A.l is rewritten as follows: 

CqBi ■ ■ ■ Bm 

M 

= Bi ••• SmCo + ^ 5oiBi Bm (( n fii) ^0 A - ( n /^o/'O ^'^o) 

-^9oi9ojBoBi---'---'---BMfij(^ Yl fiifij^AiDj, (C.l) 



where 

fij = fizi/zj) = —32 ZT-' 9ij = 9{zi/zj) = -2 -2 ■ 
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Lemma C.l. Let Sn = {ii, 12, - ■ ■ , in} be a subset of the set Em- We have 

{C+r(^l[ Bi)\0)^AiSn;i:M) E ( n ^0'°^ (^-^^ 
with the coefficient A(5„; Em) given by 

A(5„; Em) = ( n E E(-)' [I] R H E f^^r,.., 

ieSn -PeSn i=0 l^j^n-; n-l<j^n l^r<s^n 

Here S„ is the symmetric group of order n acting on the set {1,2,..., n} and 



L 

n=l jeS 



O!? — <-<; V^l y • — V - II Vi-B^ - V - ^ c - - / I I L( Jjj 

n=l jGS 



Proof. The case n = 1 is obtained in the hmit zq ^ 00 oi the relation (C.l) divided by the factor 
m{zo)nj^{zQ) . For general n, we use induction on n. □ 

We consider a diagonal condition x^x^Q, = x^fl for the regular Bethe state |_R} in the sector 
with ^ q^. Set M = R + N and n = in (C.2). Let {z^\l ^ i i?} bo a regular solution 
of the Bethe equations (4.4) and put {zj^_^i = e^^ := e'^g^^'jl < I ^ N}. We assume that the 
solution {2:^11 ^ i ^ i?} is also regular in the limit eg^ — » 1. Then we have 

(c+)^( n n ^.)io) = A(5^;Efi+^) ( n ^0'°^' 

where ■= {R+1, . . . , R+N}. We investigate the diagonal term Sn = in the limit A — oo 
after dividing both sides of the equation by the factor IljGZiv "^(-^ii+O'^+C'^fl+O- 

Lemma C.2. We have 



A{Zn-1^r+n) := ( n , / , )a{Zn;^r+n) 



^ F+{ei)F+{ei+,) 



where 

71=1 i=l 

Proof. Prom Sn = {ii, ■ ■ ■ , ^iv} — {i? + 1, . . . , + A^"}, we have 



UUMejq-') 



n E n "fl+Pi n n fR+pr,R+ps 

IEZn ^ ' PeeN l^j^N-l N-l<j!^N l^rKs^N 

_ </.+ (eo£9^)F+(eo)F+(e;v+i) IlfJi' <l^+{ej+ieq-'') 



-[N]l 
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Here we have used the fact that ni^r<s^iv fR+Pr,R+Ps = unless P is the longest element in the 
symmetric group Sjv- □ 



We define Xm t>y the following series expansion: 

F+(e<z)F+(C(?-i) 



E xU-^r- (C.3) 



Lemma C.3. In the limit A ^ oo, that is, cq 0, we have 

A{Zn; J:r+n) = xUWYf + 0(eo). 
Proof. Put ^ = eog^'+^ in the definition of (C.3). Then 



1=0 



oo AT-l 

m=0 ;=o 

where we have used the g-binomial theorem and Hi^o^Cl ~ = for ^ m < -/V — 1. □ 

Proposition C.4. Let g fee the Nth primitive root of unity for odd N and the 2Nth primitive root 
of unity for odd N. The regular Bethe state \R) in the sector with = satisfies 

^+(4)">+(.xrr . 


where xti = fim^gw^i Xm- 

Proof. We consider only the case m = 1. The case of general m is proved in a similar way by 
setting M = R + mN and n = mN in (C.2). From the lemma above, we have 

{C+)^ ( TT , \ . . Bi) \R) = x^([A^]!)'|i?) + O(eo) + off-diagonal terms, 

which, in the limit A — > oo, yields 

[N]\ [N]\ = + off-diagonal terms. 

In the sector with = q^, the off-diagonal terms vanish in the limit eg^ — > 1 [21]. □ 
By taking the limit eq^ — > 1 in the definition of x+ (C.3), we have 

F+{^q)F+{^q-^) ■ 
The numerator of the left-hand side is rewritten as 



n = n : u;. ■ 
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Then we obtain 



By taking the sum over t = 0, 1, . . . , — 1 after the substitution ^ i— > ^g^'^"'"^, we have 



JV-1 



= E E x+ = E x+iv(-^'^)" = NP+{e), 

which proves Proposition 4.2. 

We give a remark. One can derive Proposition 4.2 from the proof of the spin-1 / 2 inhomogeneous 
case through the fusion method [25]. However, we have presented the direct and straightforward 
approach here. 
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